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The Representation Theorem

Let (P, <) be a poset of dimension d. For A C P let

Inf(A)={ve P|(Vaec A)v<a}

Theorem
There exists f : P — R such that for every A, B C P we have

Conv(f(Inf(A) \ Inf(B)) N Conv(f(Inf(B) \ Inf(A)) = 0.

Remark
Tight.
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Proof of the Theorem (Rd)
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Proof of the Theorem (Rd)

<1,...,<q realizer;
F;: P —[1,4+00) s.t.  >; y = Fi(x) > d Fi(y).

For A, B s.t. Inf(B) ¢ Inf(A) define

T4
L — minge 4 Fi(a)
A,B(x) Z minge 4 Fi(a)

i: min A<;min B

o Ifze Inf(B) \Inf( ) then Ja € A and ip: z >, a
Fiy(z) > d ( )
= LAB( (2)) >
e If z € Inf(A) then Vz Vae€ A Fi(z) < Fi(a)
= LA,B F ))

= separation with hyperplane Lap(x)—Lpa(x)=0.



Proof (cont’d)

Observations:
® The origin O belongs to every hyperplane
Lap(x)—Lpa(x)=0;
¢ The hyperplane Hy : Y x; = 1 separates O from F(P).
x+— HoN (O, F(2))!




Simplicial Complex

Definition
A is an abstract simplicial complex if X € A and Y C X imply
Y e A

Theorem (POM ’99)

Every abstract simplicial complex A has a geometric realization
in R, where d = dim P(A).

Proof.

Sufficient to prove separation of disjoint faces. O



Abstract Simplicial Complex

Consider F = {abc, acg,deh, efi, hjk,cd,bf,bl, hl}.

deh

¢ acbcabe d cdie de (f bf ef @ ei fiefi ch dh eh deh (g ag cg acgj hj ck hk jk hjk b bl hi

<p:@bab
<gubl bl @ h hl k hk G hj jk hjkcg f bf fi e ei eh ef efi @ dh de deh @ be cg ¢d ‘@ ab ag ac abe acg
<3:0@@ ag © ac cg acgd cd k G jkth hl dh hk hj hjkte de eh deh @ ei f ef fi efi ® bl ab be abe bf




Retrieving Faces

® deh is a face so Vz ¢ {d,e, h} Ji © >; deh >; d, e, h;
® de is a face so di h >; de >; d, e.

Generally, F' is a face — Vo 3i x >; max; F.

<1abcfzgjk:l
<9: bl ilh k:]g €elld c a
<g:lagcldkijlhlei fb




Triangulating

Defining faces by Vo 3i x >; max; F' we get a triangulation
A DA.




Convex Geometry

Definition
Closure operator ¢ : P(U) — P(U) s.t. ¢(0) =0 and

ACo(A), ACB = ¢(A4)Co(B),  9(¢(4) =¢(A)

Anti-exchange aziom:

r#y, v,y d(A), yep(A+x) = z¢d(A+y)

Convex geometry:
closure operator ¢ with anti-exchange property.



The anti-exchange property

x#y, v,y ¢ ¢(A), y € p(A+x)

—

¢ d(A+y)

a



Characterizations

Theorem (Bjorner '85; Edelman and Jamison ’85; Korte

and Lovasz '84)

Let ¢ : P(U) — P(U) be a closure operator. Then
¢ has the anti-exchange property

Y convex K # U,3p ¢ X s.t. K + p is convex
every A C U has a unique basis

V convex K, K = ¢(ex(K))

V convex K and p ¢ K, p € ex(¢(K +p))

Vp and copoint C' attached to p, C' + p is convex.

111ty

conver : K = ¢(A) for some A
basis : minimal B C A s.t. A = ¢(B)
ex :ex(A)={pe Alp¢o(A-p)}

copoint : maximal convex C Z p




Other Axiomatization

A m-system C D {0, U} is the family of convex sets of a convex
geometry if

VKeC-U 3peU\K K+peC.

- ——u—



Other Axiomatization

A m-system C D {0, U} is the family of convex sets of a convex
geometry if

VKeC-U 3peU\K K+peC.
- e

Assume Vp € U, {p} € C and realizer <i,..., <4 of (C,Q).
Then K € C implies
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Completion

Define ¢ : P(U) — P(U) by

P(A) ={v|Viv <; max A}.

— convex geometry with family of convex sets é\ oC.

— C includes a triangulated simplicial complex A
~ each K € C is a subcomplex of A.

NO




Lattice of Convex Sets
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Possible to extend to P(U)?




Lattice of Convex Sets

Lattice of Convex Sets (Edelman ’80)

KiNKy=KiNKs
K1VK2:¢(K1UK2)

Possible to extend to P(U)?

oy {¢<X> na(v) i 6(X) # 9(1)
ex(X) U ((X —ex(X)) Ay (Y —ex(Y)) otherwise

X,y = {GX(X uY) if $(X) # o(Y)
ex(X) U ((X —ex(X)) Vg (Y —ex(Y)) otherwise

-



<[-free height 2 Posets

Assume (P, <) is [} -free, has height 2, and every maximal
element covers at least 2 elements.

Let <q,..., <4 be a realizer of P.

We can interpret minimal elements as U and maximal elements
as a family M of incomparable subsets of U.

— V maximal S and Va ¢ S 3i such that x >; S >; max S.
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Let <q,..., <4 be a realizer of P.

We can interpret minimal elements as U and maximal elements
as a family M of incomparable subsets of U.

— V maximal S and Va ¢ S 3i such that x >; S >; max S.
—~ McC

— representation as a contact system of complexes.




Thank you for your
attention.




